Abstract-A photon kinetic formalism is employed to describe the propagation of short laser pulses in tenuous plasmas. The photon kinetic theory contains all of the ingredients necessary to describe the relativistic nonlinear optics of short laser pulses in plasmas, and the shortest time scale is determined by the local evolution of the index of refraction. We use this feature to implement a photon in cell code, in which the typical time step is much bigger than is the laser field time scale. Additional information provided by the photon kinetic framework is illustrated by one-dimensional (1-D) and two-dimensional (2-D) simulations.
tribution functions. The field is represented by a Wigner distribution of quasi-particles, and in the limit of short wavelengths, the transport equation is formally equivalent to the Vlasov equation. An analogy between particle dynamics and field dynamics can then be easily established, leading to new, and revealing, physical pictures. A similar formalism has been employed as an extension of the geometrical optics approximation [9] (for electromagnetic wave propagation in random media), or as a generalization of weak turbulence theory for photons [10] , [11] .
In this paper, we employ the formalism introduced by Tappert to laser propagation in underdense plasmas, and we show that a photon kinetic theory provides all of the ingredients necessary to describe the different stimulated forward scattering instabilities. Based on the collisionless structure of the photon kinetic equation, the natural way to tackle the numerical simulation of photons is a particle-in-cell (PIC) model [12] , [13] . In this paper, we describe how such a photon-in-cell code works and present results from a simple one-dimensional (1-D) photon kinetic code that includes dispersion and the relativistic mass correction, but does not include the plasma WAKE response. This code provides illustrative evidence for the formation of envelope solitons as well as informative phase space pictures that characterize this nonlinear structure.
Photon kinetics can be generalized to higher dimensions, and this is illustrated by analogy between the Wigner representation of a Gaussian beam and the distribution function of a particle beam. The quasi-static code WAKE [14] provides the ideal setting to test the principles of photon kinetics in a plasma in higher dimensions, because it is a two-dimensional (2-D) code in which the fast time scale (associated with the high-frequency laser field) is separated for the slow time scale (determined by the plasma dynamics, evolving in the plasma frequency time scale, and the ponderomotive force caused by gradients in the slowly varying laser pulse envelope). We have written a code, called QWAKE, in which the laser field evolution of WAKE (obtained by solving an extended paraxial wave equation for the laser envelope) is replaced by the equivalent photon kinetics. We find excellent agreement between the two approaches. Furthermore, the photon distribution function contains additional information, providing a clear physical picture for laser-plasma interactions. These features will be illustrated with 2-D slab results from QWAKE, the quasi-particle version of WAKE. Finally, the potential and future directions for photon kinetic theory and simulations will also be discussed.
II. PHOTON KINETIC THEORY
In order to build a kinetic theory for fields in terms of quasiparticles, it is necessary to address two separate issues. First, a representation of the field in terms of a quasi-particle distribution function in phase space has to be built. Second, it is fun-0093-3813/00$10.00 © 2000 IEEE damental to understand how this distribution function is transported. These questions have been answered in a general way in a series of papers by Tappert et al. [8] , [29] , [30] .
The wave equation for the laser field vector potential in a plasma can be written as (1) where the positive self-adjoint Hermitian operator is defined as (2) where is the plasma frequency, is the background electron density, is the normalized electron density, and is the relativistic gamma factor of the plasma electrons. It is also assumed that all of the fractional powers of are defined, as well as the positive self-adjoint operators. A good discussion about the definition of fractional powers for operators is given in [15] . In general, the fractional powers of operators have to be interpreted as an integral operator.
We define the complex analytic signal as [8] , [29] 
The operator is defined such that . For instance, in vacuum , and . The wave energy density , and the wave action density associated with , can then be written as (4) (5) The phase space distribution of the photons is the Wigner function of (6) The distribution has the good properties of a photon distribution function; i.e., momenta of the distribution function describe observable quantities with the appropriate physical meaning. It is a real-valued function, but not necessarily positive everywhere. The photon number density , or, equivalently, the classic wave action, which is equivalent to (5) , is determined from (7) The classic wave action is the classic analog of the quantum occupation number, thus, the designation photon number density. It is also possible to define a photon current density (8) and the photon energy density [also determined by (4)] (9) where is the Weyl transform of the operator [3] , [5] , [8] . For a given operator , the Weyl transform is defined as [3] , [5] (10)
where are the eigenkets of the position operator ; i.e., . The detailed properties of the Weyl transform are summarized in [5] .
The laser field is completely characterized by the distribution , which can be calculated for different electromagnetic field configurations [16] , [17] . Furthermore, there is a one-to-one correspondence between the distribution , and the analytic signal , apart from a constant phase shift . Defining the inverse Fourier transform of , as (11) is determined by (12) The phase shift is determined from the initial value conditions, i.e., , where we have assumed . Other properties of the Wigner function are compiled in [7] .
By providing an alternative picture of the laser field [7] , [16] , already gives additional physical information. However, the full impact of Wigner's formalism can only be achieved if the laser field is replaced by the photon distribution function, and if the wave equation for the laser field is replaced by a transport equation for . In the underdense limit , Tappert and Besieris [8] , [29] , [30] showed that the transport equation for is (13) where (14) (15)
We have used the fact that in the underdense limit, reduces to (16) Neglecting the correction terms of order , (13) states photon number conservation in the phase space , and it is formally equivalent to the Vlasov equation. Furthermore, the second (third) term on the LHS of (13) describes dispersion (photon acceleration/transverse focusing), as clearly pictured by (14) and (15) . Coupling with the plasma occurs through the photon ponderomotive force, which can be expressed in terms of the distribution [17] . The basic ingredients to describe the nonlinear optics of plasmas for short laser pulses at relativistic intensities [18] are all contained in this formalism, and it is possible to rederive all of the relevant temporal growth rates for Raman forward scattering, relativistic self-focusing, envelope self-modulation, and relativistic self-phase modulation for arbitrary laser intensities from the photon kinetic theory [19] . The analogy with particle beams is also evident: using the photon kinetic theory, we are able to describe the laser field evolution as an ensemble of quasi-particles, or a photon beam [20] .
III. PHOTON KINETIC SIMULATIONS
The Vlasov-like structure of the photon kinetic equation provides the ideal setting to examine photon dynamics under the PIC framework [12] , [13] . The basic ideas behind an implementation of a photon kinetic code are straightforward. First of all, it is necessary to specify the initial distribution of photons from the initial laser field, using (3) and (6) . The distribution of photons is deposited on the grid to calculate quantities relevant to the photon dynamics (such as ), or the plasma dynamics (the photons' ponderomotive potential). If the background plasma is allowed to evolve, the plasma particles are pushed (under the Lorentz force from the self-consistent fields, and the ponderomotive force of the photons), and the self-consistent fields are updated. The quantities necessary to move the photons are now present (namely, the updated index of refraction), and the photons are pushed according to their equations of motion (14), (15) . Details of the numerical implementation of a photon-in-cell code will be presented elsewhere [21] . Here, we will concentrate our discussion on some of the qualitative features of the numerical results, and the advantages that photon in cell simulations may provide.
A. One-Dimensional Relativistic Photon Dynamics Without Plasma Response
The most simple, and nontrivial, scenario that is possible to examine under the photon kinetic formalism is the propagation of an ultraintense laser beam, including the relativistic mass correction nonlinearity, but neglecting the underdense plasma response. This is equivalent to setting in (14)- (16) , and dispersion effects are neglected, the nonlinear Schroedinger equation is obtained. It is then expected that the time evolution of the photon beam first shows relativistic self-phase modulation [18] , [22] , and then evolves to envelope solitons [23] , [24] . Under this scenario, we can demonstrate the key features of photon dynamics in phase space.
We first examine relativistic self-phase modulation (RSPM). Loading a uniform monochromatic photon beam, such that , where , with , we expect the maximum growth rate for RSPM to occur for [18] , [22] . The phase space evolution of the photon distribution is shown in Fig. 1, for , and . We first observe the effect of photon acceleration at , leading to a significant, and symmetric, spread in : photon acceleration generates phase-space shear along the direction. At this point, dispersion is not playing any role, which means that the fastest growing mode corresponds to the shortest wavenumber allowed in the system. As the wavenumber spread increases, dispersion becomes important ( Fig. 1 @ : photons with higher move faster: dispersion generates phase-space shear along the direction). Fast photons start to overtake the slow photons, leading to photon bunching, which in turn increases the relativistic nonlinearity, thus, closing the feedback loop. However, dispersion is not symmetric in [see (14) ], thus, leading to detuning between the sidebands, and giving rise to an instability cutoff at [18] , [22] . Large-scale nonlinear structures are formed, characterized by photon vortices in phase space, as illustrated in Fig. 1 @ , corresponding to six e-foldings for the maximum growth rate. As the photon beam evolves, we observe that the big beam breaks apart in a train of pulses, i.e., solitons, with energy cascading to lower wavenumbers. A typical situation after a long propagation distance is shown in Fig. 2 . The usefulness of the photon kinetic description becomes apparent. For long propagation distances, the pulse shape of the individual photon pulses in real space remains almost unaltered, but the phase space evolution is rather complex. The photon bunches form vortices in phase space that clearly shows that dispersion has been compensated by the nonlinearity. The internal phase space structure of one pulse is characteristic of a photon shock. The pulses that have not attained a stationary envelope are still undergoing relativistic self-phase modulation (but now seeded by the pulse envelope gradient). This is clear for the last pulse in Fig. 2 . The time evolution also shows that some pulses split in two. This is occurring for pulse 3, in which the second pulse is "radiating" outward from it.
As expected, the different bunches have different peak ; this indicates the pulses move with slightly different average velocities (bigger implies faster pulse velocities). Ideally, the long time evolution could result in the formation of a train of identical photon pulses.
B. QWAKE: A Two-Dimensional Quasi-Static Photon Kinetic Code
WAKE [14] is a 2-D quasi-static PIC code, which evolves the laser field in the plasma dynamical time scale. The obvious advantage of such an approach is the possibility to model ultrashort intense laser pulse propagation in underdense plasmas for Fig. 1 . Phase space evolution of a photon beam, exhibiting relativistic self-phase modulation. Simulation box is three times larger than displayed region, with 300 cells, and 2 2 10 photons, and periodic boundary conditions. distances comparable to typical laboratory experiments length scales, even with modest computational resources. This is a critical issue to the design of plasma-based accelerators [25] , [26] . In WAKE [14] , the laser field evolution is decoupled from the plasma self-consistent fields, and because coupling with the plasma is through the laser ponderomotive force, this code provides the ideal framework to test the photon kinetic approach. In WAKE, the laser field envelope is described by an extended paraxial wave equation coupled with the plasma through the changes in the index of refraction of the laser field. In QWAKE, the laser field envelope is a moment of the photon distribution function, and the photon distribution function evolves according to the transport equation (13) . The plasma dynamics is treated in the same way in both codes: the plasma particles are under the action of the laser ponderomotive force and the plasma self-consistent fields.
The generalization from 1-D photon kinetics to 2-D slab (or 3-D cartesian) is straightforward, only involving standard numerical techniques related with the generalization of the photon pusher, and the photon density deposition scheme. The key issue here is the determination of the initial photon distribution, which can be calculated numerically from (6). However, for some laser field configurations, it is possible to determine , and establish a close analogy with particle beams. For a monochromatic plane wave, the photon distribution is trivially calculated, corresponding to a monoenergetic photon beam [16] . It is also possible to calculate the photon distribution for the fundamental mode of a Gaussian beam propagating along ( plays here the role of time, and , the canonical conjugate variable of , plays the role of ), given by [20] 
where is the beam waist, is the Twiss parameter, with the Gaussian beam radius of curvature, is the Rayleigh length, and is the minimum spot size. We note that (17) is similar to a Gaussian distribution of free-streaming electrons [20] .
does not appear explicitly in the photon distribution because for a Gaussian beam with frequency , and satisfy the dispersion relation . This means that additional dependence on is already included in (17) through the connection between and . We have performed several runs to benchmark the quasi-particle photon kinetic version of WAKE, QWAKE, in 2-D slab geometry. Comparable performances were observed with the two versions, leading to similar quantitative results. In Fig. 3 , we present a typical result from QWAKE, portraying the evolution of for a pulse duration , and a spot size , propagating in a underdense plasma such that , with . The result from WAKE for the same parameters (but with a finer transverse grid) is presented in Fig. 3(c) . The results from QWAKE and WAKE show good qualitative agreement. In particular, the longitudinal profile along the laser pulse propagation axis comparing QWAKE and WAKE (Fig. 4) shows equivalent qualitative features, but small quantitative differences. However, we observe that the QWAKE results are almost independent of the transverse resolution, and the WAKE results were obtained for a very high transverse resolution run. Furthermore, QWAKE is not yet optimized for the photon dynamics, and the five-passage binomial smoother [13] along the -direction prevents the observation of the finer details shown by the WAKE run. Detailed comparisons between the two approaches will be presented in a future publication [21] .
For the conditions in Fig. 4 , relativistic self-focusing leads to intensity enhancement and eventually to pulse splitting and pulse compression of the front part of the laser pulse [27] . This physical interpretation becomes more clear if additional diagnostics over the photon distribution are calculated. It is possible to define averages over , for a given observable quantity , as (18) in configuration space, whereas in momentum space (19) Physical quantities with significant relevance are, for instance, the local average of the photons' frequency , and the local average of the photons' perpendicular momentum . The first quantity gives a measure of the laser field chirp and the effect of photon acceleration. The second quantity indicates which regions of the laser field are focusing or defocusing, depending on if is pointing inward, to the laser beam propagation axis, or outward. This is the relevant quantity to examine relativistic self-focusing, as illustrated in Fig. 5 . We observe that the enhanced front part of the pulse is self-focusing, whereas pulse splitting is occurring in the defocusing (or diffracting) region, and pulse splitting should occur in this region. These zones are correlated with the appropriate region of the index of refraction profile leading to focusing/defocusing. Fig. 3(b) .
IV. SUMMARY AND CONCLUSION
Photon kinetic theory provides a novel framework for the study of intense electromagnetic fields interacting with underdense plasmas, in particular, when forward scattering instabilities dominate the plasma dynamics. The most powerful features are its simplicity, the strong connection with particle beam dynamics, and the natural way in which broadband and angular spread effects can be included in the formalism: under this new light, intense laser-plasma interactions are a combination of very well-defined physical processes [18] . The perfect setting for photon kinetic theory is high brightness, broadband, radiation-driven plasma instabilities, relevant for inertial confinement fusion and astrophysics [19] .
The strong analogy of photon dynamics with particle dynamics leads to an obvious path toward the numerical realization of a photon kinetic code. Furthermore, the generalization to higher dimensions is easy, only relying on standard techniques. Thus, it might circumvent numerical difficulties associated with the solution of the wave equation in three dimensions, in reduced PIC codes [28] .
With a 1-D photon kinetic code, we have analyzed some of the qualitative features of RSFM and the formation of envelope solitons. The photon phase space provides signatures for these nonlinear structures. By modifying WAKE to evolve a photon distribution coupled with the plasma, we were able to benchmark photon kinetics against a well-tested code. Excellent qualitative agreement was found between the two versions of the code, and the similar quantitative results show that photon kinetics is a promising representation for short laser pulse propagation in underdense plasmas. The additional diagnostics associated with photon kinetics established clear physical pictures for previous analytical, and numerical results [18] , [27] . We have demonstrated that photon kinetic PIC codes include all of the fundamental physics, open the way to new photon diagnostics, and are computationally competitive with other reduced algorithms for short-pulse laser-plasma interactions.
